This paper is devoted to studying the singular integrals and Marcinkiewicz integrals with mixed homogeneity along surfaces, which contain many classical surfaces as model examples, on the product domains R m × R n (m, n ≥ 2). Under rather weak size conditions of the kernels, the L p (R m × R n )-boundedness for such operators is established. These results essentially extend certain previous results. MSC: 42B20; 42B25
Introduction
In this paper, we will continue the research along this line. We will focus our attention on the multiple singular integrals with mixed homogeneity. Assume that ∈ L  (S m- × S n- ) and satisfies the following conditions:
(A m,s x, A n,t y) = (x, y), ∀s, t > , (x, y) ∈ R m × R n , (  .  ) where
It should be pointed out that the condition (.) for one parameter case was originally defined in Walsh's paper [] and developed by Grafakos and Stefanov [] . For the sake of simplicity, we denote that for β > ,
Employing the ideas in [], one easily verifies that for
Based on the above, a natural question is as follows.
Question . For the general case
One of the main purposes of this paper is to give a positive answer to the above question. The method we use allows us to treat a family of operators broader than those given by (.). To be precise, for suitable functions ϕ, ψ : R + -→ (, ∞) and two real polynomial P N i on R with P N i () =  and P N i (t) >  for t = , where N i is the degree of P N i (i = , ), we define the multiple singular integral operator T P along surfaces S(P N  (ϕ), P N  (ψ)) by
where
Obviously, T is the special case of
Moreover, for the special case ϕ(s) = ψ(s) = s and α m,i = α n,j =  (i = , . . . , m; j = , . . . , n),
In this paper, we will extend the result above as follows.
Theorem . Let P N  and P N  be two real polynomials on R with P N i () =  and P N i (t) >  for t = , where N i is the degree of P N i (i = , ), and let ϕ, ψ ∈ F, where F is the set of functions φ satisfying the following properties: 
Taking B φ =  + C φ /, this is the desired constant.
Remark . We remark that the model examples for functions φ ∈ F are t α (α > ), t ln( + t), t ln ln(e + t) and real-valued polynomials P on R with positive coefficients and P() =  (see [] 
On the other hand, we also consider the multiple Marcinkiewicz integral operator M P along the surfaces S(P N  (ϕ), P N  (ψ)) defined by
where 
A natural question which arises from the above is the following:
This question will be addressed by our next theorem. The rest of this paper is organized as follows. After recalling some notation and establishing some preliminary lemmas, we will prove Theorem . in Section . And the proof of Theorem . will be given in Section . We remark that our some ideas in the proofs of our main results are taken from [, , , ], but our methods and technique are more delicate and complex than those used in [, , , ].
Throughout this paper, the letter C or c, sometimes with additional parameters, will stand for positive constants, not necessarily the same at each occurrence but independent of the essential variables.
On multiple singular integrals
Let us begin with some notations and lemmas. For given positive polynomials
i= γ i t i and two smooth functions ϕ, ψ ∈ F, we set
Here we use the convention i∈∅ a i = . Hence,
For any κ, ∈ Z and μ ∈ {, , . . . , N  }, ν ∈ {, , . . . , N  }, we define the measures {σ κ, ;μ,ν } and {|σ κ, ;μ,ν |} as follows.
Then it is easy to see that 
The bound is independent of the coefficients of P i (i = , . . . , d) and f .
The bound is independent of the coefficients of P i (i = , . . . , d) and f , but depends on φ.
Proof For any r > , by the change of variable, it can be easily seen that
The bound is independent of the coefficients of
Proof By the definition of |σ κ, ;μ,ν |, we have
By Lemma ., using iterated integration, it is easy to see that
where C is independent of u , v . Thus
which completes the proof of Lemma .. 
The constant C(ϕ) is independent of the coefficients of P N  but depends on ϕ; and C(ψ) is independent of the coefficients of P N  but depends on ψ.
Proof We only prove the first inequality, since a similar argument can get the second inequality. By the change of variables, we have
By Lemma ., there exists  = /μ such that
Thus by integration by parts and the fact that ϕ is monotonous, we have
This proves Lemma ..
The constant C is independent of the coefficients of P N  and P N  .
Proof Let
By Lemma ., there exist  ,  ∈ (, ] such that
Similarly, when |ψ( )
By the definition of σ κ, ;μ,ν , we have
Combining (.) with the fact ∈ F β (S m- × S n- ), we obtain (.). Similarly, we can conclude (.). To prove (.) and (.), we write
Then (.) and (.) follow from (.)-(.) with the fact ∈ F β (S m- × S n- ). Finally, (.) follows from the inequality
This completes the proof of Lemma ..
Now we take two radial Schwartz functions φ  ∈ S(R
, where B ϕ , B ψ are as in Remark .. Define the measures {ω κ, ;μ,ν } by 
Here and below, B φ (φ = ϕ or ψ) is as in Remark ., the constant C is independent of the coefficients of P N i (i = , ).
Proof We write  (μ) =
Thus, it is easy to see that
Notice that
Invoking Lemma ., we get (.). On the other hand, since
by (.) and (.), we have
Then (.) follows from (.)-(.) with (.). Similarly, we get (.). Finally, (.) follows from (.), (.), (.) and (.). This completes the proof of Lemma ..
By Lemma . and the definition of {μ κ, ;μ,ν }, it is easy to verify the following lemma.
Lemma . Let , ϕ, ψ be as in Lemma .. Then for μ ∈ {, , . . . , N  } and ν ∈ {, , . . . , N  }, we have 
for  < p < ∞ and any arbitrary functions {g κ, }. The constant C is independent of the coefficients of P N  and P N  .
Now we are in the position of proving Theorem ..
Proof of Theorem . Combining (.) with (.), we write
It suffices to show that for μ ∈ {, , . . . , N  } and ν ∈ {, , . . . , N  },
For fixed μ ∈ {, , . . . , N  } and ν ∈ {, , . . . , N  }, choose two collections of C ∞ functions {λ i } i∈Z and {η j } j∈Z on (, ∞) with the following properties:
Now we consider the L p -boundedness of T i,j . By the Littlewood-Paley theory and Lemma ., we have
On the other hand, by the Littlewood-Paley theory and Plancherel's theorem, we have
Using Lemma . and Remark ., we have
Interpolating (.) and (.), for any p ∈ (β/(β -), β), we can obtain δ ∈ (, ) such that δβ >  and
Then we have
This together with (.) and (.) completes the proof of Theorem ..
On the multiple Marcinkiewicz integrals
This section is devoted to the proof of Theorem .. We first introduce some notations and lemmas. For μ ∈ {, , . . . , N  }, ν ∈ {, , . . . , N  } and i, j ∈ Z, s, t ∈ R + , we define the measures {σ μ,ν i,j;s,t } and {|σ
defined as in Section . It is obvious that for μ ∈ {, , . . . , 
Proof Set
Similarly, when |ψ(
By the definition of σ μ,ν i,j;s,t , we have
Combining (.) with the fact ∈ F β (S m- × S n- ), we obtain (.). Similarly, we can conclude (.). To prove (.) and (.), we write
Combining (.)-(.) with the fact that ∈ F β (S m- × S n- ), we get (.) and (.).
Finally, (.) follows from the inequality
This completes the proof of Lemma ..
We now take two radial Schwartz functions φ  ∈ S(R m ) and φ  ∈ S(R n ) such that φ i (t) ≡  for |t| ≤  and φ i (t) ≡  for |t| > min{B ϕ , B ψ } (i = , ), where B ϕ , B ψ are as in Remark .. Define the measures {ω 
